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We solve the p rob l em  of a l amina r  wave fai l ing down a ve r t i ca l  sur face  for  a thin f i lm of a v i s c o -  
p l a s t i c  Shvedov-Bingham liquid. 

F i lms  of liquid fal l ing down a ve r t i ca l  sur face  have a wave nature for  flow ra t e s  exceeding a ce r ta in  
cr i t ica l  value. According  to the avai lable  exper imenta l  data ,  the inc rease  in the coefficients  of heat  and m a s s  
t r a n s f e r ,  due to the wave fo rmat ion ,  can r each  50% and g rea t e r .  Such a type of flow is r a t he r  f requent ly  en-  
countered in var ious  appl icat ions ,  in p a r t i c u l a r ,  in p r o c e s s e s  and appara tus  of  chemical  technology. Flowing 
media ,  p roces sab l e  in such technological  p r o c e s s e s ,  e.g. ,  v iscoplas t ic  liquids, a re  often rheologica l ly  c o m -  
plex. 

We consider  l amina r  wave flow of a thin f i lm of a v iscoplas t ic  liquid fal l ing down a ve r t i ca l  su r face ,  
which sa t i s f i e s  the r h e o l o g i c a l S h v e d o v - B i n g h a m  law 

Ou' 
�9 '='~o+ ~ -~g, ,  ]~'l>~o, 

0u' (1) 
- - - - 0 ,  I~'l ~< ~0. ay' 

Here  v0 is the yield point and ~ is the p las t ic  v iscosi ty .  

We consider  the case  of long waves ,  i . e . ,  waves  whose length is  g rea t  in compar i son  with the thickness 
of the fi lm. We introduce the d imens ion less  va r i ab l e s  and p a r a m e t e r s  

It = aUt ' ,  Ix  = ax ' ,  ly  = y' ,  Uu = u', aUv  = v ' ,  

th = h', pUap = p', 

R e = U l  P--- F r =  US W = l U  2 P-P- S =  %_~l 

(2) 

(3) 
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where l and U are the charac te r i s t i c  thickness of the layer  and the velocity;  O, density;  g, the accelerat ion of 
gravity;  a ,  the surface tension; a,  the ratio of the charac te r i s t i c  scale with respec t  to y '  to the scale with 
respec t  to x ' .  

We substitute Eqs. (1), (2), and (3) in the equations of motion, the equations of continuity, and the bound- 
a ry  conditions. We assume a 2 << 1, the Reynolds number Re is moderate ly  large o r e  = O(1), and fu r thermore  
we let the Froude number F r  and the Weber number W satisfy the conditions a F r  = O(1) and a2W -t = O(1). In 
the equations obtained we d iscard  t e rms  of o rde r  a 2, and we find: the equations of motion 

Ou + u Ou Ou = Op 1 02u 1 (4) 
o-i- - g  + ~  ou - o---; + -  - - + - - '  ~z Re Oy ~ ~ Fr 

~2 OZh 
p =  m ~  

W Ox ~ (5) 

the equation of continuity 

and the boundary conditions 

Ou Ov 
+ = -  = o; (6) 

0--~ oy 

(7) 
u = O ,  v = O  for g = O ,  

Oh Oh 
= 0, ~ / -  + u o--2 = v for y = h (x, t). (8) 

In the case being considered here ,  we can also wri te  out such equations for  the following approximations 
with respec t  to ~2. Then, the sys tem (4)-(8) will be the zeroth approximation in such a p rocess  of solution. 
As can be seen below, this zeroth  approximation has ,  in addition to a s tat ionary solution, a wave solution, 
for which we can determine the values of aI1 the wave pa rame te r s  - velocity,  amplitude, and flow rate.  The 
following t e r m s  of the expansions in ~2 will give contributions to these values. For  small  a2 the contributions 
will naturally be small.  The instability mechanism here is connected with the action of surface tension, which, 
according to (5), produces a finite longitudinal p r e s su re  gradient. 

The sys tem of equations (4)-(8) is nonlinear;  therefore ,  it is quite difficult to find the solution. We 
choose a complete sys tem of functions w(y), satisfying the boundary conditions, and we represen t  the velocity 
in the form [1] 

u = 2 bk (X, t) wk (9). (9) 
k=l  

The number of t e rms  that should be retained in (9) depends considerably on how well the functions Wk(Y) are  
chosen. In the cases  of smooth variat ion of velocity with respec t  to y it is quite sufficient to use the f i r s t  
severa l  t e rms .  

The problem (4)-(8) for  a laminar  waveless flow regime in the layer  has the fo rm 

1 02U + 1 

R-~ oy,  - ~ r = ~  

u = 0 for y = O, T = 0 for  y = h and its solution is descr ibed by the function 

U= ~U h , h 2h2 ' (10) 

pgh2l~ ( i__ 2 z z~ ) 
2~tV -~  + - ~  , 6 <~ y <~ h, 

where 

T o z = �9 6 = h - -  z. (11) 
pgi .... 
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We de te rmine  the mean  veloci ty  

u --~ udy== pgh~t~ 1 - -  - -  z + 
= 2 T " 

As the cha r ac t e r i s t i c  length l it is convenient to choose the thickness of the l aye r  h' ; then the equation of the 
f r ee  su r face  will  be h = 1. Fo r  smal l  values  of the p a r a m e t e r  z ,  which is c h a r a c t e r i s t i c  for  weakly p las t i c  
l iquids,  in the second of Eqs.  (10) we can neglect  the t e r m  z2/h 2 and, all  the m o r e ,  we can neglect  the t e r m  
z3/2 in Eq. (12). Then with acceptab le  accu racy ,  the solution (10) can be approx imated  by the equation 

pgh~l~ [ (1 - -  z )  Y Y~ ] -  pghat~ ( y Ya ) - - S y ,  (13) 
u : ~ t ~  ~ h 2h 2 . ~tU h 2h ~ 

and Eq. (12) - by the equat ion 

u~- pgh~l~ ( 1 3 ~ U  23 Z)h " (14) 

F r o m  Eqs.  (13) and (14) we find 

�9 u 3z h 2h ~ Sy. (15) 
1 

2h 

P roceed ing  f r o m  (15) and following (9), we r e p r e s e n t  the veloci ty  in p rob lem (4) and (8) in the f o r m  

3u(x, t) [ y y2 ] 
u = 3 z h (x,  t)  2h ~ (x, t) - -  S v ,  (16) 

1 . . . .  
2 h(x, t) 

sat isfying the boundary eonditiorrs (7), (8i and coinciding with the exact  solution for  the wave le s s  flow reg ime .  
h 

We introduce the independent va r i ab le  xt = x - c t ,  and the d imens ion less  flow ra te  q = .f udy. In tegra t ing  Eq. (4) 
0 

with account  of (5) and Eq. ( 6 )ove r  y f r o m  0 to h ,  we obtain a s y s t e m  of equations for  q(x, t) and h(x, t) 

h ~ Oq (ch 12 q + ~ 0  I f )  h 0q (_~ ~ S~o $2 )ha Oh--Gh* O~h i S _ _  ~ ___.__ _____ _ q -l~ -:-~ - -  - -  HhZ + Eq -- -__ Eh2=0, 
Ot 5 Ox qh2-- - ~  Ox Ox 3 2 (17) 

Oh a + "~x (q - -  ch) = 0. (18) 

Here  we have introduced the notation (the index fo r  xl has  been dropped) 

O = ~W; H =: (~Fr)-~; E : 3(~Re)-k (19) 

The quantity c is connected with the phase veloci ty  of the waves  U~ = cU. The quanti t ies  I and U a re  the sca les  
of the length and of the veloci ty ,  which in the given ease a re  e x p r e s s e d  propor t ional ly .  F o r  l we take the th ick-  
ness  of the l aye r  ave raged  over  x; then the mean value of h will a lways be equal  to unity. F o r  U we take the 
veloci ty  averaged  over  y in the c ro s s  sect ion in which the thickness  of the l aye r  equals  l; then the mean  d imen-  
s ion less  flow ra te  q0 = 1, and the d imensional  flow ra te  Q = Ul. 

We cons ider  a r eg ime  of s t eady - s t a t e  t r ave l ing  waves .  Assuming  ~/8t = 0 in Eqs.  (17) and (18) we find 
q = ch + q 0 - c  o r ,  taking into account q0 = 1, 

Le t  

. q = c h - - c +  1. (20) 

h =  1-}-% 
(21) 
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where  r is a pure  per iodic  function. 

He re  

Then f r o m  (17), using (20) and (21), we obtain 

4- 3H---- E+Hv +(3H--cE--SE)~p+ H--E-- S E =0. 
2 " 2 

(22) 

K---c 2 -  1_2_2 c +  
5 +~0-  c + l -  , B =  g- . + I -- S). (23) 

We note that  

S = z  Re = 3 z  ..... H . (24) 
Fr E 

Fo r  cons t ruc t ion  of a per iodic  solution of Eq. (22) we use an expansion in ha rmon ics  

r = l] sinx + 132 (~2o sin 2x + (P~.l cos 2x) + . . . .  (25) 

Af te r  substi tut ion of (25) into Eq. (22) we expand it in a Fou r i e r  s e r i e s .  Setting equal to ze ro  the expres s ions  
for  sin kx and cos kx, we obtain re la t ions  fo r  de te rmin ing  the expansion coefficients [1]. 

In the f i r s t ,  l inear  approx imat ion ,  i . e . ,  fo r  waves  with inf ini tes imal ly  smal l  ampli tude,  we obtain 

H - - E  ...... 2" -5-  -5- + 20" c + l - -  =G.  (26) 

Hence,  with account  of (24) it follows tha t  

u = pgt2 1 --  , (27) 
3~ 

/ (  3 z )  u,=cU=gt  ~'~ (l--z), c = 3 0 . - 0  1 - y  , .~ (2s) 

3 ~  2 . 

Equations (27) and (30) denote that  in the f i r s t  approximat ion  the thickness  of the l aye r  wilI  be close to that  
which holds for  the r eg i m e  of l a m i n a r  wave le s s  flow (14). Equations (28) de te rmine  the phase  veloci ty  of the 
waves ,  and Eq. (29) d e t e r m i n e s  the wave number .  

In the second approximat ion  we have 

H _ E S E + [ ~ 2 (  S )  .~- ~ 3H----2 E =0, 3H--cE--SE----O, 

d . _  12 c +  6 s ( 2s_) -g- T +~-~ c +  1-- = 0 ,  

r i2G 3 H - - - -  E 
2 

' l [5  c~-- S ( 2 c + 1 - - S ) ]  
r -- 4 - r - - ~  1--0- " 

(31) 
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a ! ~ 3  
o qz ~ z  

Fig.  1 

/o 7\'~ T , . l  

~5o ~ i l 
Fig. 2 

Fig. I .  Dependence of amplitude of f i r s t  harmonic  
and dimemsionless phase veloci ty  c on the p la t i s -  

ci ty p a r a m e t e r  z. 

Fig.  2. Effect  of plas t ic i ty  p a r a m e t e r  z on mean 
thickness of f i lm l [1) l inear  waves;  2) nonlinear waves].  

F r o m  sys tem (3!),  using Eqs.  (19) and (24), we obtain 

3 i~=  3 Fr 3 (32) 

Re = -  C~__ (33) 
Fr l ~ z  ' 

c~ - 12 6 z Re ( c q -  1 
-g'- c§  + 2o Fr 

z R e ) =  c~ 
2 F r  ~ "  (34) 

(1- 3 z) (35) 
~zo = 4~3F r -~ , 

w," [--c~ (2c§ l--z ~ / j  (36) ~, = 4 + - i ~ ,  52 ~oZ r~eFr Re '~ ! 

The sy s t e m of equat ions (32)-(36) contains seven unknowns Re ,  F r ,  c,/32, a ,  ~20, ~21. In o rd e r  to solve the 
problem,  we may  assume that two of them are  given and the others  must  be de termined  f rom the p roces s  of 
solution, It is convenient to give the p a r a m e t e r  c and the Reynolds number ,  connected with the flow ra te  Q = 
/a/pRe.. Then,  according to Eqs.  (32)-(36), we de te rmine  the expansion coeff icients/3,  ~0 ,  q21, the mean th ick-  
ness  l ,  and the wave number  a .  The second t e r m  on the left  side of (32) is Connected with the format ion  of the 
waves and re f lec t s  its ef fect  on the ra t io  between the flow ra te  and the mean thickness of the f i lm. F o r  waves 
of infini tesimally smal l  ampli tude,  Eq. (325 is t r ans fo rmed  into Eq. (27). The mean thickness of the l aye r  is de -  
t e rmined  f rom (33) 

t3= Q~ c 
pg 1 ~ z (375 

F r o m  (34) it follows that  the r ea l  solutions of the problem being cons idered  ex i s t  f o r  a~ ~ 0. Substituting a 2 = 
0 in (34}, we obtain c = 1.69. Fo r  the l inear  waves 6 = 3(1 -z5/(1 - ~/2z5, Thus ,  the nonlinear  waves in the 
l aye r  with a f r e e  surface  propagate with veloci ty  c less  than 3(1-zS/O.'312z), but m o r e  than 1.69. 

Thus ,  theore t ica l ly ,  for  the given flow ra te  Q there  ex is t s  an infinite se t  of wave r e g i m e s ,  which a re  d i s -  
. tinguished by wavelengths and it ~ impossible  to p red ic t  beforehand which of them a re  r ea l i zed  in tha experi.~. 

ment.  F o r  se lect ion of the p r i m a r y  flow regime we use the hypotheses of Kapitsa [2] about the minimum of v i s -  
cous dissipation.  

The energy  being d iss ipa ted  during flow in the thin flow is equal to 

dE~, It" 

-- dt - -7 -= ' f  Oy'OU' d9'= U~tt \ ( 3q---~h. 3 + 23S --h q } " (38) 
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Averaging  the las t  express ion  over  the wavelength and equating the mean  work  of the force  of gravi ty  to the 
unit of length E n = pgQ, we obtain 

2 pg 

where  

i:~ I f= l+cq) 1 . (1 + c q ) ) ~  . dx; r  dx. (40)  
F.= 2n~ (1 -+- q~)" 2,~ l+qD 

We subst i tute  (25) into (40) and we l imi t  ou r se lves  to the f i r s t  ha rmonic ;  then 

5 

1 ( i _~2 )  2 {2+~2[  1 _6c_i_c~(1._:_2l~)]} ' (41) 

(/) = c - -  ( c - -  t) (1 - -  [ ~ 9 - - 7  (42 )  

F r o m  an ana lys i s  of (39), (41), and (42) it follows that  if F takes  on the min imum poss ib le  value 

Ok" 
= 0. a P  = o (43) a~ ac ' 

(for given flow ra te  Q),  then the balance of the ene rgy  being d iss ipa ted  and the w o r k  of the force  of gravi ty  will 
be sa t is f ied for  m i n i m u m  th ickness  of the flowing f i lm.  The min imum mean th ickness  of the l a y e r  co r responds  
to the min imum potent ial  energy  of the f i lm in a gravi ta t ional  f ield and the m o s t  s table  flow reg ime.  

Then,  following Kapi tsa  [2], we obtain that  the condition F = min should cor respond  to the r equ i remen t  

c 3F 
- -  -- , (44) 

i - - z  t - -  3 z~ 
2 

obtained f r o m  (37) and (39). Combining (43) and (44), we find the equations 

OF O, c 3F  (45) 
O~ ~ t --z t ----3 zH 

2 

which de te rmine  the sought va lues  of F and @, and a l so  c and ft. The resu l t s  of the calculat ions a r e  r e p r e -  
sented in Fig. 1. The i nc r ea s e  in the yield point for  the s ame  flow ra te  of liquid leads to an inc rease  in the 
veloci ty  c and a d e c r e a s e  in the ampli tude of the nonlinear  waves .  F o r  a cer ta in  value of the p las t ic i ty  p a r a m -  
e t e r  z = T0/pgl = 0.42, the wave r eg ime  of flow in the f i lm is t r a n s f o r m e d  into a wave le s s  flow. Hence,  a r e i n -  
fo r cemen t  in the p las t ic  p r o p e r t i e s  inhibits wave fo rmat ion  in the f i lm and under  definite conditions the wave 
r eg ime  of flow is t r a n s f o r m e d  into a wave le s s  reg ime.  For  0 -< z -< 0.42 the th ickness  of the l aye r  l (Fig. 2) 
d e c r e a s e s  in compar i son  with the wave less  r eg ime  of flow. The inc rease  in the p las t ic  p r o p e r t i e s  of the liquid 
i n c r e a s e s  the th ickness  of the l a y e r  l. 

1. V, 
2. P. 

L I T E R A T U R E  C I T E D  

Ya. Shkadov, Scientific Works  [in Russ ian] ,  No. 25, Moscow State Univers i ty  (1973). 
L. Kapitsa, Zh. Eksp. Teor. Fiz., 18, No. 3 (1948). 

487 


